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We derive a many-particle inseparability criterion for mixed states using the relation between
single-mode and many-particle nonclassicalities. It works very well not only in the vicinity of the
Dicke states, but also for the superposition of them: superradiant ground state of finite/infinite
number of particles and time evolution of single-photon superradiance. We also obtain a criterion
for ensemble-field entanglement which works fine for such kind of states. Even though the collective
excitations of the many-particle system is sub-Poissonian –which results in entanglement– the wave
function displays bunching.
Three kinds of nonclassicalities, (i) many-particle in-
separability, (ii) two-mode entanglement and (iii) single-
mode nonclassicality, are intimately connected to each
other [1–3]. Single-mode nonclassicality can be trans-
formed to two-mode entanglement using a beam-splitter
(BS) and vice versa [4–6]. Although nonclassicality can
be transformed into two-mode entanglement partially [7–
9], this relation can be utilized for converting two-mode
entanglement witnesses [6, 10] into single-mode nonclas-
sicality criteria [1]. Such a relation is also encountered
between two-mode entanglement and many-particle in-
separability in Ref. [11]. It is shown that spin-squeezing
criterion [12] (many-particle inseparability) cannot be
satisfied unless the two-modes describing this N-particle
two-level system is entangled.
A link between the many-particle inseparability and
the single-mode nonclassicality shows up after one re-
alizes the following connection. Atomic coherent states
(ACSs) —separable symmetric many-particle states [13,
14]— converges to coherent (classical) states of light in
the N → ∞ limit [15, 16]. Hence, a symmetric many-
particle state |ψ〉 = ∑Ni=1 κi|N/2, ξ(i)ACS〉 converges to
|ψN 〉 =
∑N
i=1 κi|α(i)〉, where |α(i)〉 is a coherent state
(α(i) =
√
Nξ
(i)
ACS). Additionally, one can see that a many-
particle state is entangled if there are more than one
terms in the former expression. Similarly, a single-mode
state is nonclassical if it is expressed as a superposition of
more than one coherent states [17]. Then, inseparability
of |ψN 〉 implies the nonclassicality of |ψ〉.
Therefore, one can adopt a many-particle inseparabil-
ity criterion (for N → ∞) to obtain a single-mode non-
classicality criterion. Ref. [2] shows that spin squeez-
ing criterion of Sorensen et al. [12] leads to quadrature
squeezing condition [18] for a single-mode field. This
condition can be obtained by making Holstein-Primakoff
(HP) transformation in the collective spin operators [19],
e.g. Sˆ+ →
√
Nbˆ. A similar relation stands also for mixed
states.
Due to the presence this intimate link between the
three kinds of nonclassicalities, one can group the crite-
ria into two [20]. (a) In the first group we can place:
the spin squeezing criterion [12] for many-particle en-
tanglement, quadrature squeezing condition for single-
mode states [18, 21], and Duan-Giedke-Cirac-Zoller
(DGCZ) [22] criterion (and its product form [23]) with
Simon-Peres-Horodecki (SPH) [24, 25] criterion for two-
mode entanglement. (b) The second group contains the
Hillery-Zubairy (HZ) criterion [26] (which is a subset of
conditions by Shchukin and Vogel [27]) for two-mode
states, Mandel’s Q parameter as the single-mode non-
classicality, and a many-particle criterion we still do not
know yet. We note that sub-Poissonian criterion of Man-
del’s Q parameter can be obtained from the HZ criterion
via BS method [1–3].
Group (a) is usually used for states generated from
coherent (ACS or single-mode coherent) states via non-
linear hamiltonians [28, 29] or squeezing transfer [30].
DGCZ and SPH [24] are necessary and sufficient crite-
ria for Gaussian states [31]. The second group (b) works
better in witnessing the entanglement/nonclassicality of
Fock-like single and two-mode states [32]. Common to
both groups, it is possible to obtain stronger forms of
two-mode criteria by using the Schro¨dinger-Robertson
inequality [33] inplace of Heisenberg uncertainty ver-
sion [34].
In this paper, we aim to find the many-particle in-
separability criterion missing in group (b). We try
to guess its form from the single-mode nonclassicality
criterion which belongs to this group: namely Man-
del’s Q parameter (or sub-Poissonian distribution), i.e.
〈(bˆ†bˆ)2〉−〈bˆ†bˆ〉2 < 〈bˆ†bˆ〉. We try the simplest (not unique)
way,
√
Nbˆ† → Sˆ+ [19]. The question we start up with
is simple. If we examine the uncertainty of Rˆ = Sˆ+Sˆ−,
i.e. 〈(∆Rˆ)2〉 = 〈Rˆ2〉− 〈Rˆ〉2, will we be able to obtain an
inseparability criterion for many-particle systems?
This way, we obtain a criterion (ξnew) which works bet-
ter than our expectations. The strength of violation of
this criterion (ξnew < 0, or larger squeezing in 〈(∆R)2〉)
accompanies the superradiant phase transition both for
finite and infinite number of particles, see Fig. 2. ξnew
also correctly predicts the temporal behavior of the en-
tanglement of (timed) single-photon superradiance [35–
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237], see Fig. 6, for N=2000 atoms placed randomly in a
sphere larger than a wavelength [36, 37]. It is worth em-
phasizing that our derivation (also the validity) for ξnew
is completely independent of the presence of a relation
between single-mode nonclassicality and many-particle
inseparability.
We also obtain a criterion for ensemble-field entangle-
ment, µnew < 0. We consider the stronger form [Eq. (11)
in Ref. [33]] of the HZ criterion [26] for two-mode entan-
glement. We replace the operator aˆ†1 → Sˆ+ for one of the
two-modes, aˆ1,2.
(This has been performed in Ref. [38–40] for the DGCZ
criterion.) We observe that also µnew works very well
for superradiant states, see Fig.s 3 and 6. Replacements
aˆ†1 → Sˆ+ and aˆ†2 → Jˆ+ results in a criterion for ensemble-
ensemble entanglement entanglement This works fine for
detecting the entanglement between two ensembles after
a Dicke-like phase transition [41].
Wave function ψˆ(r) becomes bunched (super-
Poisonnian) above the critical atom-field coupling
(g > gc), see Fig. 4(a). This is in contrast with the
sub-Poissonian behavior of the collective (quasi-particle)
excitations of the N-particle system (Fig. 2(b)) and the
scattered field (see Fig. 4(b)). We remind that in the
N → ∞ limit collective excitations can be described by
bˆ operator alone. Such a behavior also occurs in the
ground state of an interacting BEC (without a field).
Bunching and many-particle entanglement emerge
mutually when interaction (collisions) per particle
exceeds the excitation energy, Uint/N > h¯ωexc, see
Fig. 5. Incidentally, in experiments with BECs [42–46]
we observe that BEC cannot recoil partially unless the
excitation energy exceeds Uint/N .
Many-particle entanglement
The derivation of µnew follows arguments similar to
spin-squeezing condition by Sorensen et al.[12]. Never-
theless, longer expressions show up due to the calculation
of higher order moments. A many-particle system is sep-
arable if N-particle density matrix (DM) can be written
in the form
ρˆ =
∑
k
Pk ρ
(k)
1 ⊗ ρ(k)2 ⊗ . . .⊗ ρ(k)N , (1)
where ρˆ
(k)
i is the DM of the i
th particle and Pk is the
classical probability for mixed states. Uncertainty of the
Rˆ = Sˆ+Sˆ− operator becomes larger than 〈(∆Rˆ)2〉 ≥∑
k Pk(〈Rˆ2〉k − 〈Rˆ〉2k) if we use the Cauchy-Schwartz in-
equality
∑
k Pk〈Rˆ〉2 ≥ (
∑
k Pk〈Rˆk〉)2. We express the
collective operators in terms of the single atom spins
sˆ
(i)
± , e.g. Rˆ = Sˆ+Sˆ− =
∑N
i1=1
∑N
i2=1
sˆ
(i1)
+ sˆ
(i2)
− . We eval-
uate the difference 〈Rˆ2〉k − 〈Rˆ〉2k using many Cauchy-
Schwartz inequalities and relations among single particle
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FIG. 1. (color) The linear entropy Q [49, 50], many-particle
criterion by Duan [52] and the new many-particle criterion
ξnew successfully predicts the entanglement in Dicke states
|S,m〉. Q, ξDuan > 0 and ξnew < 0 implies entanglement.
operators, see the Supplementary Material [47]. We show
that the DM (1) satisfies the inequality
∑
k Pk〈Rˆ2〉k −∑
k Pk〈Rˆ〉2k ≥ ηN . We conclude that 〈(∆Rˆ)2〉 ≥ ηN for
a separable state. So, we define the parameter
ξnew = 〈(∆Rˆ)2〉ρ − ηN (2)
whose negativity (ξnew < 0) witnesses the inseparability
of the many-particle system.
In Fig. 1, we test ξnew on Dicke states for N=16
particles (or S=8). |S,m = ±S〉 states are separable,
explicitly, |g1, g2, . . . gN 〉 or |e1, e2, . . . eN 〉 where gi/ei
means that the ith particle is in the ground/excited
state [13, 14]. The number of terms, hence the insepara-
bility [], increases upto |S,m = 0〉. Linear entropy [48–
50], an entanglement monotone [51], follows the expected
result, such that it increases upto |S,m = 0〉 state. Our
criterion (ξnew) —〈(∆Rˆ)2〉 is more squeezed for more
negative values of ξnew— also follows the similar trend.
Duan recently introduced a new criterion [52], which not
only serves for detecting the inseparability but it also re-
ports that (if ξDuan > n) at least n number of particles
are entangled. In Fig. 1, we scaled ξDuan with the number
17. Hence, for m = 0 it witnesses that at least 16 (all of
the) particles are entangled. Duan’s criterion is priceless
in the research connecting the gravitation and entangle-
ment [53–55], since it quantifies the depth (so the speed)
of entanglement.
In Fig. 2, we calculate ξnew for the ground state of the
Dicke Hamiltonian
Hˆ = h¯ωegSˆz + h¯ωaaˆ†aˆ+ g/
√
N(Sˆ+ + Sˆ−)(aˆ† + aˆ) (3)
in the thermodynamic limit (N →∞) [19] and simulate
for symmetric subspace [29]. Here, g is the atom-photon
coupling strength where for g > gc =
√
ωegωa/2 superra-
diant phase is observed [56].
ξnew not only successfully predicts the presence of
the many-particle inseparability, but also its negativity
(squeezing in 〈(∆Rˆ)2〉) accompanies the order parame-
ters (〈aˆ†aˆ〉 and 〈Sˆz〉) of the transition. In Fig. 2(b), we
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FIG. 2. (color) (a) The number of photons and the excitation
of the ensemble in the ground state of Dicke hamiltonian 3.
Above the critical atom-photon coupling strength, g > gc,
superradiant phase transition occurs. (b) Many-particle en-
tanglement. Linear entropy Q and the new criterion ξnew
(squeezing in 〈(∆Rˆ)2〉) accompanies the order parameters of
the phase transition. Q > 0 and ξspin, ξnew < 0 implies entan-
glement.
observe that value of the linear entropy Q (an entan-
glement monotone [51]) also accompanies the transition.
The spin-squeezing criterion of Sorensen et al. [12] can-
not witness the inseparability where ξspin < 0 implies the
entanglement. The criterion of Duan [52] (not plotted in
Fig. 2(b)) does not exceed 1 for the ground state, which
is a superposition of many Dicke states.
In both Fig. 1 and Fig. 2(b), linear entropy Q and
ξnew exhibit parallel behavior. So, we became curious
if this is true also for random states. For N=16, in the
216 dimensional space, we generated random states and
examined if ξnew and Q display parallel behavior. Even
though ξnew managed to detect the inseparability of all
2000 states, when Q > 0, the two did not exhibit parallel
behavior always.
A stronger single-mode nonclassicality criterion
Atomic coherent states (ACSs) are the many-particle
states in the symmetric subset if the complete set of
Dicke states [57]. In the limit N → ∞, ACSs con-
verges to coherent states of light [15, 16]. A many-
particle (single-mode) state is inseparable (classical) if
it is the superposition of more than one ACSs (coherent
state). Therefore, a many-particle criterion converges to
a criterion for single-mode nonclassicality. Alternatively,
one can perform Holstein-Promakoff transformation, e.g.
Sˆ+ = bˆ
†
√
N − bˆ†bˆ, and let the limit N →∞.
We now have a many-particle criterion in group (b)
involving Sˆ±,z collective operators. Therefore, we check
if we obtain the same (or similar) single-mode criterion,
that is Mandel’s Q parameter, in the N →∞ limit. We
obtain the criterion (see the Supplementary Material)
〈(∆nˆ)2〉 ≥ 〈nˆ〉+ ( Im{〈bˆ†2〉 − 〈bˆ〉2})2 , (4)
where nˆ = bˆ†bˆ. We note that this is sub-Poissonian cri-
terion except the last term. When one rotates the coor-
dinates [21] bˆθ = bˆe
iθ, the last term becomes Im{(〈bˆ†2〉−
〈bˆ〉2)ei2θ} which is equal to zero for the proper choice of
the phase ei2θ. In this situation, we recover the Mandel’s
Q parameter.
In general, however, criterion (4) seems to be a hybrid
[both group (a) and (b)] one. From our previous experi-
ence [7] we know that the last term becomes maximum,
for Gaussian states, when the θ is chosen in the direction
of maximum quadrature squeezing. Since the first two
terms are independent from rotations one can make the
test stronger via rotations.
A question we need to answer is the following. We
started with a weaker criterion (sub-Poissonian), but ob-
tained a stronger one, (4), on return? The answer is the
following. We only calculated the uncertainty ∆(Sˆ+Sˆ−)
being inspired from the uncertainty ∆(bˆ†bˆ). We did not
transform the right hand side (〈bˆ†bˆ〉) of the weaker in-
equality.
Ensemble-field entanglement
Commonly used two-mode criteria can be put in a
stronger form using the Schro¨dinger-Robertson inequal-
ity and the partial tranpose of the operator [33]. For in-
stance, the product form of the DGCZ criterion [23, 34],
belonging to group (a), can be put in a stronger form
by using the variances H˜ ′1 = xˆ1 + xˆ2 and H˜
′
2 = pˆ1 = pˆ2
in the Schro¨dinger-Robertson inequality [33]. Similarly,
a stronger form of the HZ criterion, in group (b), can
be obtained using the H˜1 = aˆ
†
1aˆ2 + aˆ
†
1aˆ2 and H˜2 =
i(aˆ†1aˆ2 − aˆ†2aˆ1) in the Schro¨diger-Robertson inequality,
see Eq. (11) in Ref. [33].
Ref.s [38–40] show that it is possible to obtain a crite-
rion for the ensemble-field entanglement by making the
substitutions xˆ1 → Sˆx and pˆ1 → Sˆy in H˜ ′1,2. Similar to
Ref.s [38–40], we perform the substitutions aˆ†1 → Sˆ+ and
aˆ1 → Sˆ− in H˜1,2,
H˜1 = Sˆ+aˆ2 + Sˆ−aˆ
†
2 and H˜2 = i(Sˆ+aˆ2 − Sˆ−aˆ†2) , (5)
and obtain the parameter
µSRnew =
(〈(∆H˜1)2〉 − 2〈Sˆz〉) (〈(∆H˜2)2〉 − 2〈Sˆz〉)
−|〈−Sˆ+Sˆ− + 2Sˆzaˆaˆ†〉|2 − 〈∆H˜1∆Hˆ2〉2s , (6)
where µSRnew < 0 witnesses the presence of the ensemble-
field entanglement.
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FIG. 3. (color) Ensemble-field entanglement in the ground
state of the Dicke hamiltonian (3) for finite/infinite number of
particles. µ < 0 witnesses the entanglement. µHZnew is obtained
from the HZ [26] criterion. µSRnew is obtained from the stronger
form of the HZ criterion [33].
In Fig. 3, we plot µSRnew for finite/infinite number of
particles. We observe that violation of µSRnew, squeezing in
the product (6), accompanies the order parameters given
in Fig. 2(a). For the purposes of comparison, we also
calculate µHZnew. We performe the substitution aˆ
†
1 → Sˆ+
in the HZ criterion [26], 〈aˆ21aˆ†22〉 < 〈aˆ†12aˆ21aˆ†22aˆ22〉, which is
weaker than Ref. [33]. In Fig. 3, we see that µHZnew cannot
witness the ensemble-field entanglement for g > 1.9gc.
The spin-squeezing criterion [12] µspin cannot reveal the
presence of entanglement at all.
Bunching in the wave function
Superradiant scattering from a Bose-Einstein con-
densate (BEC) has been studied extensively in the
last two decades. In the cases of directional scatter-
ing [58, 59] or scattering into a cavity [60, 61], wave func-
tion operator can be expressed into two modes ψˆ(r) =
ug(r)cˆg + ue(r)cˆe. Here, ue(r) = e
ik·rug(r) and ue(r) =
cos(kx)ug(r) for the two cases, respectively. Hence, one
can calculate the bunching of the atoms in the conden-
sate, g(2) = 〈ψˆ†(r)ψˆ†(r)ψˆ(r)ψˆ(r)〉, to learn how the other
atoms react to the measurement (modification) of a sin-
gle one. In Fig. 4, we show that atoms display bunched
behavior above the phase transition.
This behavior is opposite to the one for collective ex-
citations (Sˆ+ → cˆ†ecˆe →
√
Nbˆ in the limit N → ∞) and
the scattered field aˆ. ξnew < 0 implies that bˆ (quasi-
particle) field is anti-bunched in this limit. In Fig. 4(b),
we observe the anti-bunching in the scattered field aˆ.
Experiments on BECs [42–46] show that a conden-
sate reacts to an excitation collectively unless the en-
ergy of the excitation h¯ωexc exceeds the interaction en-
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FIG. 4. (a) Wave-function operator, describing indistin-
guishable atoms in a BEC, is bunched in the superradiant
phase. g(3) and g(4) display behavior similar to g(2). (b) In
contrast to the wave function, the scattered field aˆ displays
sub-Poissonian (anti-bunching) behavior.
ergy per atoms Uint/N = gs
∫
d3r|ψ(r)|4/N , where gs is
the strength of collisions. If h¯ωexc > Uint, we observe that
atoms in the condensate can be recoiled partially. This
phenomenon made us raise the question ”what happens
in the ground state of a stand alone (no field) interacting
BEC ?”. The hamiltonian
Hˆ=
∫
d3rψˆ(r)†Hˆ0(r)ψˆ(r)+gs
∫
d3rψˆ(r)†ψˆ(r)†ψˆ(r)ψˆ(r)
(7)
transforms to
Hˆ = h¯ωexcSˆz + UintSˆ2z (8)
similar to Ref. [12]. Here, we assume that ωexc is the exci-
tation of the BEC to a higher energy level. For a BEC, in
a harmonic trap, harmonic oscillator spacing (∼100 Hz)
is much smaller than the kinetic energy BEC gains due
to recoil (∼ 104−105Hz) [58]. We examine the ground
state of this system and find an interesting coincidence.
The GS of the BEC becomes many-particle entangled
and wave-function becomes bunched after Uint > h¯ωexc.
Single-photon superradiance
Single-photon superradiance is one of the few (al-
most) exactly solvable many-body systems [36, 37] and
it is gaining importance due to its technological appli-
cations [62, 63]. Temporal behavior of a timed Dicke
state [35], prepared initially in the state |ψ(0)〉 =∑N
j=1 e
ik0·rj |g1, g2, . . . ej , . . . , gN 〉, can be given as [36, 37]
|ψ(t)〉=
N∑
j=1
βj(t)|g1 . . .ej . . .gN 〉|0〉+
∑
k
γk(t)|g1 . . .gN 〉|1k〉
(9)
The solutions of βj(t) and γk(t) are studied in Ref.s [36,
37] intensively. We test our criteria ξnew and µnew also for
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FIG. 5. The ground state of an interacting BEC, hamiltonian
(7) or (8), when there is no field present. When Uint/N >
h¯ωexc, the ground state of the BEC becomes many-particle
entangled (ξnew < 0) as well as atoms are bunched (g
(2) >
1). Incidentally, experiments with BECs [42–46] show that
BEC responses the external excitations collectively unless an
h¯ωexc > Uint/N is transferred to a single atom.
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FIG. 6. (color) Temporal behavior of many-particle entan-
glement (ξnew) and ensemble-field entanglement (µnew) for
single-photon superradiance of N=2000 atoms placed ran-
domly in a sphere larger than wavelength.
the single-photon superradiance of 2000 atoms randomly
placed at positions rj . The spatial extent of the ensemble
is 5 times larger than the wavelength λ0 = 2pi/k0.
In Fig. 6, we observe that the initial many-particle en-
tanglement is lost after t > 1/ΓN , where collective decay
rate ΓN ∼ Nγ can be much larger than the single atom
decay rate γ. This is something expected from Eq. (9),
since the particles decay to the separable state, where
βj(t) e
−ΓN t [36, 37]. We also examine the entanglement
of the ensemble with the central mode (k0). Initially
µnew = 0 since γk(0) = 0. For t > 0, µnew witnesses
the inseparability as βj(t) and γk(t) are mixed in |ψ(t)〉.
Finally, µnew approaches to zero again since the system
ends up with the γk states eventually.
Finally, we anticipate that derivations, 〈(∆Rˆ)2〉, lead-
ing to ξnew can be utilized for calculating the entangle-
ment depth [52] of the system. This can be carried out
by grouping the inseparable particles in the density ma-
trix (see Eq.s (1) and (2) in Ref. [52]), in place of using
a full-separable density matrix given in Eq. (1).
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